We examine the current-induced dynamics of a skyrmion that is subject to both structural and bulk inversion asymmetry. There arises a hybrid type of Dzyaloshinskii-Moriya interaction (DMI) which is in the form of a mixture of interfacial and bulk DMIs. Examples include crystals with symmetry classes Cn as well as magnetic multilayers composed of a ferromagnet with a noncentrosymmetric crystal and a nonmagnet with strong spin-orbit coupling. As a striking result, we find that, in systems with a hybrid DMI, the spin-orbit-torque-induced skyrmion Hall angle is asymmetric for the two different skyrmion polarities (±1 given by out-of-plane core magnetization), even allowing one of them to be tuned to zero. We propose several experimental ways to achieve the necessary straight skyrmion motion (with zero Hall angle) for racetrack memories, even without antiferromagnetic interactions or any interaction with another magnet. Our results can be understood within a simple picture by using a global spin rotation which maps the hybrid DMI model to an effective model containing purely interfacial DMI. The formalism directly reveals the effective spin torque and effective current that result in qualitatively different dynamics. Our work provides a way to utilize symmetry breaking to eliminate detrimental phenomena as hybrid DMI eliminates the skyrmion Hall angle.
I. INTRODUCTION
Magnetic skyrmions [1] [2] [3] are localized magnetic textures with nontrivial topology in real space and have been experimentally realized as lattice structures [4, 5] and individual entities [6] . They have received much attention due to interesting phenomenology arising from their topological nature, such as the skyrmion Hall effect due to the Magnus force [7] [8] [9] [10] and the topological Hall effect due to the emergent electromagnetic fields [11] [12] [13] [14] . Stabilization of highly localized skyrmions is achieved by the Dzyaloshinskii-Moriya interaction (DMI) [15] [16] [17] . The DMI is an antisymmetric exchange interaction that breaks the chiral symmetry of magnetic textures and favors skyrmions with a particular chirality. There are two types of DMI mainly considered in the literature, commonly denoted as the interfacial and the bulk DMIs. The interfacial DMI arises from structural inversion asymmetry, typically present at interfaces between a ferromagnet and an adjacent layer with strong spinorbit coupling [17] [18] [19] . The bulk DMI arises from noncentrosymmetric crystal structures typically observed in B20 compounds [20] such as MnSi [4] , Fe 1−x Co x Si [5] , FeGe [21] , and Mn 1−x Fe x Ge [22] [23] [24] [25] [26] . In systems with strong DMI, the interfacial DMI usually stabilizes Néel skyrmions [27] [28] [29] while the bulk DMI in B20 compounds stabilizes Bloch skyrmions [4, 5] . Although more general crystal symmetries allow for generalized forms of bulk DMI [1, [30] [31] [32] , within this paper, we denote the one stabilizing Bloch skyrmions by the bulk DMI [33] . * kyokim@uni-mainz.de † kaeversc@uni-mainz.de
Skyrmions are considered as promising candidates for spintronic applications like racetrack memories [34, 35] . Advantages are the low critical current density to depin skyrmions in a nanowire [13, 36] , their tendency of being less sensitive to impurities [37] , and the recent discovery of low pinning materials with the skyrmion motion [38] . While being an interesting consequence originating from topology, the skyrmion Hall effect imposes an outstanding challenge for applications. It drives a transverse motion of a skyrmion to the applied current, pushing it to the boundary of a nanowire and possibly annihilating it for typical current density used for racetrack memories [8] . Hence, optimal for fast driving speeds and information delivery rate is a straight skyrmion motion along the nanowire. In order to suppress the skyrmion Hall effect, previous works have suggested introducing other degrees of freedom, such as antiferromagnetic interactions [39, 40] and other magnetic layers [41, 42] , which can compensate the skyrmion Hall effect. However, a straight skyrmion motion is believed to be impossible within one ferromagnetic layer, although such simple structures are preferable for applications. Therefore, elimination of the skyrmion Hall effect within one ferromagnetic layer is of significant importance in both scientific and technological aspects.
In this paper, we show how to eliminate the skyrmion Hall effect in a single ferromagnet by utilizing an additional symmetry breaking. We consider ferromagnets in which both structural inversion symmetry and crystal centrosymmetry are broken [43] , where the DMI arises in the form of a mixture of the interfacial and bulk DMIs. We call this mixture hybrid DMI throughout this paper. The systems with hybrid DMI include crystals with symmetry classes C n [44] and the state-of-the-art multilayer systems consisting of thin chiral magnets (such as thin B20 compounds) and nonmagnetic materials with strong spin-orbit coupling (such as heavy metals like Pt [19] and topological insulators like Bi 2 Se 3 [45] ), which is depicted in Fig. 1(a) . We examine the skyrmion motion driven by spin-orbit torque (SOT), whose examples include a spin Hall current injection from heavy metal [46] [47] [48] and the spin-charge conversion from topological surface states [49] . We find that the skyrmion Hall angle is suppressed for one skyrmion polarity and enhanced for the other.
We explicitly propose experiments on how to control the skyrmion Hall angle by various means. By noting that systems with hybrid DMI can be mapped onto systems with purely interfacial DMI by a global spin rotation, we derive the effective spin torque and current that are acting on hybrid systems. In particular, we find that the direction of the effective current deviates from the applied current direction and depends on the relative strengths of the two DMIs. In total, the skyrmion Hall angle is asymmetric and is tunable by changing the relative DMI strengths. We make several suggestions to eliminate the skyrmion Hall angle for one polarity. As a result, one can achieve a skyrmion motion along the current in a single ferromagnetic layer without the need of interactions with another layer or another sublattice. Our paper suggests a way to exploit symmetry breaking for eliminating detrimental phenomena. This paper is organized as follows. In Sec. II, we introduce a rotational mapping which maps the hybrid DMI to an effective interfacial DMI. In Sec. III, we apply the mapping to a nonequilibrium situation to derive an effective spin torque. In Sec. IV, we show the asymmetry of the skyrmion Hall effect and possibility for making it zero. In Sec. VI, we make more remarks on our theory and suggest various ways to tune the skyrmion Hall angle to zero. In Sec. VII, we summarize the paper. Appendices include some useful information which are not directly related to the main flow of our paper.
II. HYBRID DMI AS AN EFFECTIVE INTERFACIAL DMI
We first introduce a mapping of the hybrid DMI to an effective DMI. In contrast to Ref. [43] , where the hybrid DMI is mapped to an effective bulk DMI, in this paper we map it to an interfacial one, in order to directly apply previous knowledge [9, 10] on the SOTdriven skyrmion motion. To provide insight, we first present the main idea behind the mapping within a simple two-spin model [ Fig. 1(b)-1(e) ]. The DMI energy for two spins S 1 and S 2 that are distant along the r direction takes the form E DMI = D · (S 1 × S 2 ) for the DMI vector D [15, 16] 
Therefore, the physical properties of spins subject to the hybrid DMI are given by those of rotated spins under the effective interfacial DMI, provided that all other energy contributions are invariant under R −ω D z . In real crystals, however, the continuous rotational symmetry of energy contributions is not strictly valid. In Appendix B, we mathematically prove that the main conclusion of our paper is unaltered even for real crystals lacking continuous rotational symmetry.
To apply this insight to continuous magnetic systems, we start from the magnetic energy functional
along the local magnetization, and K z is the uniaxial anisotropy. We consider a system with perpendicular magnetic anisotropy (K z > 0), which is preferable for applications [50] and naturally arises from the interfacial spin-orbit coupling [51, 52] or the topological surface states [53, 54] . Regarding dipolar interactions, the DMI typically dominates over them in the properties of magnetic textures [37] although they can be important in the absence of DMI [55] . In Sec. V, we present the results of micromagnetic simulations, which confirms that dipolar interactions do not change our main conclusion qualitatively (see Fig. 4 for more information). E DMI [m] is the hybrid DMI contribution,
where D int and D bulk are the strengths of the interfacial and bulk DMI respectively, and the continuous forms of the DMIs are given by
, and
The continuous analog of Eq. (1) gives [56, 57] if the DMI strength is replaced by D hyb . Note that the stability and the equilibrium properties (such as the skyrmion diameter) are independent of ω D . Our micromagnetic simulations show that this is a good approximation even in the presence of dipolar interactions [see Fig. 4 (a) in Sec. V for more information].
III. NONEQUILIBRIUM: EFFECTIVE SPIN TORQUE
To describe the dynamics of intermediate skyrmions in nonequilibrium, we start from the Landau-LifshitzGilbert equation:
where
) is the effective magnetic field for m, h int/bulk = −δE int/bulk /δm, γ is the gyromagnetic ratio, α is the Gilbert damping parameter, and T[m] refers to the spin torque induced by an applied current. In terms ofm, Eq. (3a) is equivalent to 
) is the effective field form and contains an (effective) interfacial DMI contribution only.
is the effective spin torque acting onm, which is discussed extensively below. Equation (3b) implies that the dynamics of an intermediate skyrmion is described by that of a Néel skyrmion with an effective spin torque (see Table I ).
There are three remarks. First, our theory does not require any ansatz on the internal structures of skyrmions, thus it is valid even when a current-induced deformation of skyrmion [10] and higher order skyrmions [58] are taken into account. Second, our mapping still works for more general models including a generalized form of the interfacial DMI [58, 59] . Third, although introduction of in-plane fields or anisotropies breaks the rotational symmetry, our theory is still valid if they appear as rotated terms inH eff .
The effective spin torque in terms ofm is
Equation (3b) [46, 49, 62, 63] . Examples of such SOTs include a spin Hall current injection from heavy metal [46] [47] [48] and the spin-charge conversion from topological surface states [49] . They take the form
where τ f and τ d are coefficients for the field-like SOT [64, 65] and the damping-like SOT [66] [67] [68] [69] , respectively. They are proportional to the spin Hall angle of the heavy metal or the spin-charge conversion efficiency of the topological surface states. The roles of internally generated SOT in the ferromagnet [70] , which is another type of SOT, are discussed in Appendix C. Applying Eq. (3c) to Eq. (4a) gives the effective SOT
Equation ( 
IV. ASYMMETRIC SKYRMION HALL EFFECT AND ZERO HALL ANGLE
Before describing the dynamics of intermediate skyrmions, we first briefly review the SOT-induced dynamics of Néel skyrmions [9, 10] . In Fig. 3(a) , we sketch a Néel skyrmion with the negative polarity (i.e., m z = −1 at the core). There are several forces acting on it (inset). As a result of SOT, a force along the current j is exerted on the Néel skyrmion, inducing its motion. While the skyrmion is moving, there arises a dissipative (gyrotropic) force along (perpendicular to) its velocity such that the steady state skyrmion motion direction is deviated from j with a nonzero tilting angle θ 0 (black solid arrow). This effect is called the skyrmion Hall effect. For the positive polarity (the core magnetization m z = 1), it is subject to an opposite gyrotropic force, thus the transverse velocity is opposite (black dot-dashed arrow). Hence, the skyrmion Hall angles for each polarity of the Néel skyrmion have the same magnitudes but opposite signs: θ N SkHE,± = ∓θ 0 , where the signs refer to the polarities and the superscript N refers to Néel skyrmions [ Fig. 3(a) ].
Applying Table I allows a direct extension of the above knowledge to the intermediate skyrmion dynamics. In the rotated frame, the magnetic texture forms a Néel skyrmion which is subject to the effective currentj. Therefore, the nonzero tilting angle ±θ 0 arises symmetrically aroundj, thus is asymmetric around j. Getting back to the laboratory frame immediately gives the intermediate skyrmion dynamics in Fig. 3 (b) and its Hall angle
which is the second central result of this paper. Here the superscript I refers to intermediate skyrmions. Equation (5) is also confirmed by the collective coordinate approach [71] (Appendix D) and by micromagnetic simulations (Sec. V). Depending on the skyrmion polarity, the magnitude of the skyrmion Hall angle is enhanced or suppressed. For device applications, the skyrmion polarity with the lower magnitude can be chosen via changing the background magnetization. Equation (5) [24, 25] and those for the other are taken from Ref. [72] and references therein. For conversions between strengths for discrete models to continuum models, we use the lattice constants in Ref. [73] and references therein.
with Pt, Ta, and Ir [19, [74] [75] [76] [77] [78] . In Sec. VI, we propose various ways to realize the zero Hall angle experimentally.
V. MICROMAGNETIC SIMULATIONS
We perform micromagnetic simulations to verify our assumptions and reproduce the key results obtained from our simple analytic formalism in the more realistic case including dipolar interactions. Our simulations were performed with MuMax3 [79] available at http://mumax.github.io/ to solve the Landau-LifshitzGilbert equation. The code is modified to simulate both interfacial and bulk DMIs simultaneously. We simulate a system containing 128 × 128 × 1 cells of 1 nm cell size and 0.5 nm thickness and impose a periodic boundary condition. The following material parameters were used: the exchange stiffness A = 10 −11 J/m, the saturation magnetization M s = 6 × 10 5 A/m, the perpendicular magnetic anisotropy K z = 5×10 5 J/m 3 , the Gilbert damping α = 1, and various values of the DMI strengths.
First, we examine the static properties of intermediate skyrmions. Our simulations show that the stability and the size are basically the same for various D bulk /D int ratios when D hyb is fixed [ Fig. 4(a) ]. The slight deviations from exact horizontal lines originate from dipolar interactions, which is confirmed by additional simulations without dipolar interactions (not shown). This is in perfect agreement with our analytic theory.
We then perform the simulation for the skyrmion Hall angle as presented in Fig. 4(b) . The simulation shows that one can always find a proper ω D value which makes the skyrmion Hall angle zero. Thus, the main conclusion of our work is unchanged.
More quantitatively, for the parameters chosen, the zero Hall angle occurs at D bulk /D int = 0.91 without dipolar interactions (green line) and D bulk /D int = 0.64 with dipolar interactions for D hyb = 2.6 mJ/m 2 (red line). The nonnegligible difference between the two values originates from the different skyrmion diameter. θ 0 is dependent on the skyrmion diameter [9, 10] and we also check the dependency in our simulations (not shown). To match the skyrmion diameters, we perform another simulation with D hyb = 3.8 mJ/m 2 (blue line) where the skyrmion diameter is approximately given by that of the red line. The zero Hall angle occurs at D bulk /D int = 0.53, which deviates the value for the red line by a small difference. This difference could originate from different domain wall widths, which is also dependent on the DMI value and is proportional to tan θ 0 [10] .
VI. DISCUSSION
There are three remarks. First, it is interesting that the skyrmion Hall effect is eliminated while the topological Hall effect of electrons is still present. Second, the zero skyrmion Hall angle is preserved under current reversal, which is apparent by rotation of the sample around the z axis by π. Third, θ 0 can have linear current dependence due to disorder [9, 80] and higher order distortions [10] particularly in a low current density regime. In this regime, the zero Hall angle occurs only at a particular current density. However, our primary interest is a more high current density regime where the skyrmion information is delivered with a high speed. In this regime, the skyrmion Hall angle saturates, thus the zero Hall angle is stable against current variations. The saturation current density is on the order of 10 11 A/m 2 [9] , which is the typical order of magnitude used for racetrack applications. The numerous ongoing researches on the spin-orbit torque efficiency will even reduce it in the future. These justify the regime of our consideration.
In order to realize the zero Hall angle, tuning the DMI strengths is crucial for achieving |θ 0 | = |ω D |. We present various ways to tune the DMI strength in experiment. (i) Thickness variations: Since D int is an interface contribution, varying thickness of the ferromagnetic layer [19, 52] or the adjacent nonmagnetic layer [52, 81] changes D int significantly. (ii) Modifying interface properties: Controlling interface properties by oxygen [82] or Ar + irradiation with various irradiation energies [83] allows a fine tuning of D int and even changing its sign. Moreover, insertion of a layer is also possible to change D int significantly [59, 84] . (iii) Voltage-induced control of interfacial DMI: A perpendicular gate voltage changes the asymmetry along the z direction, thus it changes the interfacial DMI strength [85, 86] , dynamically. (iv) Composition variation: As demonstrated in Mn 1−x Fe x Ge for various x [22] [23] [24] [25] [26] , varying the composition of the bulk material allows changing the magnitude and sign of D bulk . (v) Strain: D bulk can also be controlled dynamically by using a strain [43, 87, 88] . Since the change of the bulk DMI is anisotropic, more quantitative studies are required for this direction.
VII. SUMMARY
In summary, we demonstrate an asymmetric skyrmion Hall effect driven by SOTs in the presence of mixture of the interfacial and bulk DMIs, where an intermediate skyrmion interpolating between a Néel and a Bloch skyrmions is stabilized. We develop an effective theory for the dynamics of intermediate skyrmions by mapping it onto that of effective Néel skyrmions. This allows examining the intermediate skyrmion dynamics without additional explicit calculations. The effective current felt by the skyrmion is tilted by an angle determined by the relative strength of the two DMIs. As a result, the skyrmion Hall angle is asymmetric for each skyrmion polarity. By an explicit estimation with realistic values, we demonstrate the possibility to completely eliminate the skyrmion Hall effect for one polarity even without the help of antiferromagnetic interactions or another layer. We make several suggestions for the experimental realization of it, via tuning the strengths of the DMIs. Our work provides a way to exploit symmetry breaking for removing detrimental phenomena as well as advances next generation spintronic applications based on skyrmions. Given arbitrary three-dimensional vectors a, b, and c and an arbitrary rotation matrix R, the triple scalar product c · (a × b) is invariant under R, i.e.,
This can be intuitively understood by the fact that the triple scalar product is nothing but the volume of the par-allelepiped whose edges are given by a, b, and c, which does not change under any rotation.
Rotational covariance of cross products
Given arbitrary three-dimensional vectors a and b and an arbitrary rotation matrix R, the cross product a × b is rotationally covariant, i.e., (Ra) × (Rb) = R(a × b).
This means that the rotation of a cross product is nothing but the cross product of the rotated vectors, which can be intuitively understood by the right-hand rule for cross products.
Rotational covariance of the conventional spin-transfer torques
We start from the conventional spin-transfer torques in the form of adiabatic [60] and nonadiabtic [61] torques
for an arbitrary global rotation R. Here b and c are coefficients for adiabatic and nonadiabatic spin-transfer torques and j is the applied current. Since R is a global rotation which is independent of position, it commutes with gradients. This means that the adiabatic spin-transfer torque is covariant under R: ρ = x 2 + y 2 and φ = arg(x + iy), as demonstrated in the main text. θ(ρ) satisfies lim ρ→0 cos θ(ρ) = ±1 and lim ρ→∞ cos θ(ρ) = ∓1 depending on the skyrmion polarity. The detailed form of θ(ρ) [92] is not necessary for our calculation.
We assume that, in the presence of SOT, the magnetism profile is m(r) = m 0 (r − R(t)), where R(t) = (X(t), Y (t)) is the position of the skyrmion. Then, the 
which is consistent with Eq. (5) [57] , it also leads to an asymmetric skyrmion Hall effect.
